Our goal in this paper is to prove the following:
Our goal in this paper is to prove the following:
Theorem. There exist no C 2 Levi-flat real hypersurfaces in CP 2 .
This improves an earlier result of Siu [Si2] where C 8 smoothness is required. For the nonexistence of Levi-flat hypersurfaces in CP n with n ≥ 3, Lins-Neto [LN] first proved the nonexistence of real-analytic hypersurfaces in CP n . Nonexistence of C ∞ Levi-flat hypersurfaces in CP n was proved for n ≥ 3 by Siu [Si1] . It is proved in a recent paper [CS] that there exist no Lipschitz Levi-flat hypersurfaces in CP n with n ≥ 3. In an earlier paper by Cao-Shaw-Wang [CSW] , it is stated that there exist no C 2 Levi-flat real hypersurfaces in CP n with n ≥ 2, but the proof only works for n ≥ 3. While we are still unable to justify the estimate (4.18) which is necessary in the approach of [CSW] , we have been able to combine the method of [CS] with microlocalization to prove the above theorem.
The proof follows the same outlines as in the earlier paper of [Si1] . Suppose that there exists a C 2 Levi-flat real hypersurface M in CP 2 . Then M is foliated by complex leaves locally. It is known that the curvature formΘ N of complex normal bundle of M is a positive definite (1, 1)-form when restricted to the complex leaves on M . If we can find a continuous real-valued solution h of M to the equation (1.4)
Hence, the cases of n ≥ 3 and n = 2 must be treated differently. When M is pseudoconvex in C n or a Stein manifolds, equation (0.2) has been studied extensively in [BS, Sh2, Ko4] . But the methods cannot be applied here.
If M is Levi-flat, the complement of CP 2 − M has two connected components Ω + and Ω − which are both pseudoconvex and pseudoconcave. By writing f in Equation (0,2) as the jump of two∂-closed forms, it suffices to solve∂-equation with continuous solutions on both Ω + and Ω − . Using a special Sobolev embedding theorem (see [CSW] or [CS] ), this can further be reduced to solving∂ on Ω + and Ω − with W 1 solutions. To obtain W 1 solutions for∂, we continue to use the∂-Neumann problem and its dual to study∂-closed extension of forms as before. The differences between the case of n = 2 and n ≥ 3 can also be seen from the different compatibility conditions for the∂-Cauchy problem between forms of top degree and the lower degrees (see Theorem 1.2). For the top degree case (q = n), the compatibility condition takes the form of the Bergman projection (see (1.2)). It remains to verify an integration by parts of some current wedging another current (see (2.1) in the proof of Theorem 2.1). The lack of a W 1 solution for∂ for smooth∂-closed (0, 1)-forms on pseudoconvex domains in CP 2 is the main difficulty (see conjecture 2 at the end of the paper).
In this paper, we show that if the domain Ω ⊂⊂ CP 2 with C 2 boundary is both pseudoconvex and pseudoconcave (hence Levi-flat), then one can prove the existence of W 1 solution for∂ by microlocalization. We use the microlocalization to perform the integration by parts in order to verify the compatibility condition in the CP 2 case. Such microlocalization methods have been used extensively by Kohn to prove the regularity for∂ and∂ b . It is especially useful for CR manifolds of real dimenison three, which is our case here. The advantage of microlocalization (over just localization) is that one gains one derivative in half of the characteristic direction for the∂-Neumann problem by following Kohn's approach (see Lemma 2.0 in Section 2). Since the domain has C 2 boundary, one already has the L 2 theory for∂ from both sides of the Levi-flat hypersurfaces while the bad directions are in opposite direction of each other microlocally.
The rest of the proof is similar to the proof used in [CS] . The C 2 regularity is needed in our approach here since we need to rely on the L 2 theory for∂ instead of the weighted L 2 theory, which was used in the proof in [CS] . The L 2 theory for∂ is based on the existence of bounded plurisubharmonic exhaustion functions whose existence was proved by Diederich-Fornaess for pseudoconvex domains with C 2 boundary in C n and by Ohsawa-Sibony [OS] for the case in CP n . Though bounded exhaustion functions exist for pseudoconvex domains with Lipschitz boundary in 2 C n (see Kerzman-Rosay [KR] , Demailly [De] and Harrington [Ha] ), it is still not known if such exhaustion functions exist for pseudoconvex domains in CP n with Lipschitz boundary (see Remark (1) at the end of the paper). Our methods do not yield the nonexistence of Lipschitz Levi-flat hypersurfaces in CP 2 . From the point of view of foliation theory or complex dynamics, it is interesting to know if there exist Levi-flat hypersurfaces which are less than Lipschitz smooth (in terms of laminated compact sets, see Fornaess-Sibony [FS] ).
The plan of this paper is as follows: In section 1 we recall the known results on the∂-Neumann problem and the∂-Cauchy problem from earlier papers in [CS] and [CSW] . In Section 2, we study the extension of∂-closed (0, 1)-forms from a domain with Levi-flat boundary to CP 2 using microlocal analysis. This gives the W 1 solution to∂ on such domains. In Section 3 we show how to use W 1+ǫ solutions for ∂ to study the tangential Cauchy-Riemann equations on the Levi-flat hypersurface in CP 2 and to prove the nonexistence of C 2 Levi-flat hypersurfaces in CP 2 . At the end, we mention some open questions related to this paper.
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1.∂-closed extensions of forms from pseudoconcave domains in CP n
In CP n , we equip it with the standard Fubini-Study metric. Let Ω ⊂⊂ CP n be a pseudoconvex domain with C 2 -smooth boundary bΩ and let δ(x) = d(x, bΩ) be the distance function from x ∈ Ω to bΩ. We call t 0 = t 0 (Ω) the order of plurisubharmonicity for the distance function δ if
Ohsawa-Sibony [OS] showed that there exists 0 < t 0 (Ω) ≤ 1 for any pseudoconvex domain Ω ⊂ CP n with C 2 -smooth boundary (see also [HaS] and Diederich-Fornaess [DF] for domains in C n ). We recall the following results (see Theorem 2 in [CSW] ). Also we have the following∂-Cauchy problem (see Corollary 1.6 in [CS] ).
Let Ω ⊂⊂ CP n be a pseudoconvex domain with C 2 boundary and let 0 ≤ p ≤ n and
then the same conclusion holds.
When 0 ≤ q < n − 1, we have the following∂-closed extension result.
Let Ω ⊂⊂ CP n be a pseudoconvex domain with C 2 boundary and let
Proof. This is proved in Proposition 4.4 in [CSW] . We reproduce the proof here for the sake of completeness. Since Ω has C 2 boundary, there exists a bounded extension operator from
be the extension of f so thatf
We define Tf by Tf = −⋆∂N (n−p,n−q−1) (⋆∂f ) on Ω. From Theorem 1.2, Tf satisfies∂Tf =∂f in CP n in the distribution sense if we extend Tf to be zero outside Ω.
Define
For q = n − 1, there is an additional compatibility condition for the∂-closed extension of (p, n − 1)-forms. In particular, the following results are proved in Proposition 5.1 in [CS] .
n be a pseudoconvex domain with C 2 boundary, n ≥ 2, and let
, where 0 ≤ p ≤ n, the following conditions are equivalent:
(
The restriction of f to bΩ satisfies the compatibility condition
When p = n − 1, the above conditions are equivalent to
We remark that any f in W 1 (Ω + ) has a trace in W 1 2 (bΩ + ) and any holomorphic (n − p, 0)-form with L 2 (Ω) coefficients has a well-defined trace in W − 1 2 (bΩ) (see e.g. [LM] ). Thus the pairing between f and φ in (2) is well-defined.
2 be a pseudoconvex domain with C 2 boundary and let
2. Microlocalization and W 1 estimates for∂ on domains with Levi-flat boundary in CP
2
In this section we study W 1 estimates for∂ on domains in CP 2 with C 2 Levi-flat boundary. The main tool is to apply Kohn's microlocalization methods to prove the W 1 estimates. In what follows, our constant number C may change from line to line, but it is independent of functions under consideration.
Let Ω be a pseudoconvex domain in CP n with C 2 Levi-flat boundary. Let r be the signed distance function from z ∈ Ω to the boundary bΩ. Let x 0 ∈ bΩ, we choose a neighborhood U of x 0 such that each U ∩ bΩ is foliated by complex curves and we can choose coordinates (x 1 , x 2 , t) to be the Levi coordinates for U ∩bΩ = V . On each V ,∂ b u is the same as∂ z ′ u on each leaf where∂ z ′ is the Cauchy-Riemann operator on the leaf with z ′ = x 1 + ix 2 . Denote the dual coordinates for x = (x 1 , x 2 , t) by ξ = (ξ 1 , ξ 2 , ξ 3 ). We will use the following microlocal pseudo-differential operators introduced by Kohn (see [Ko4] ). 5
Let (x, r) = (x 1 , x 2 , t, r) be coordinates in U near x 0 . Let p(x, r, ξ) be smooth function compactly supported in U ∩ Ω and p is homogeneous function of order 0 in ξ. On C ∞ 0 (U ∩ Ω), we define tangential pseudo-differential operator of order 0 to be an operator P :
whereũ is the tangential Fourier transform defined bỹ
Let P be the set of all tangential pseudo-differential operators of order 0 on V . If P ∈ P, let p = p(x, ξ) be the symbol of P . We define subsets P 0 , P + and P − of P by
and |ξ| > 1},
Microlocally, P 0 denotes the space of zero's order pseudodifferential operators supported in the elliptic directions of the∂-Neumann problem. The following lemma has been proved in Lemma 3.7 in [Ko4] .
Lemma 2.0. If U is sufficiently small and if P ∈ P 0 ∪ P − , then there exists C > 0 such that
. Thus micrrolocally, both P − and P 0 are good directions with one derivative smoother than∂u.
We remark that for a domain with C 2 boundary, all the tangent bundles are of class C 1 on the boundary. Thus the W 1 -norms are well-defined by local coordinate charts. Globally, we fix a collection of local charts above and obtain a-priori estimates of W 1 -norms for local smooth functions on each individual chart. Since the coordinates change for tangent bundles is C 1 -smooth, the W 1 -norm estimates remain valid (with a slightly large constant). Although Kohn's microlocalization result was stated only for C ∞ smooth hypersurface M , the proof of his microlocalization result still applies to C 2 hypersurface M as well. Therefore, Lemma 2.0 remains true for our domain with C 2 Levi-flat boundary M . 6
Theorem 2.1. Let Ω + ⊂⊂ CP 2 be a domain with C 2 Levi-flat boundary. For anȳ
Proof. To prove the theorem, from Proposition 1.4, It suffices to show that there exists F ∈ L 2 (0,1) (CP 2 ) such that F = f in Ω + and∂F = 0 in CP 2 . From Corollary 1.5, it suffices to show that f satisfies the compatibility condition (1.4). Notice that Ω + is also pseudoconvex, the∂-Neumann operator N + exists from Theorem 1.1. We have that f =∂u with u =∂
Since f =∂u ∈ W 1 (0,1) (bΩ + ), the trace of f is well-defined and is in W 1 2 (bΩ). The integrand in (2.1) is well defined and absolutely integrable. However, both u and h only have traces in W − 1 2 (bΩ). Thus we cannot perform integration-by-parts directly to conclude (2.1) is satisfied.
We remark that in general L 2 functions or forms have no trace on the boundary. But L 2 holomorphic functions or harmonic functions have trace if the boundary is Lipschitz. This is also true for functions or forms satisfying an elliptic system. Thus we can take trace of all our functions or forms with L 2 coefficients for the canonical solutions for∂. We will Friedrichs' lemma repeatedly (see [Hö1] or Appendix D in [ChS] ).
Using Friedrichs' lemma, there exists a sequence
The limit is well defined. To conclude that the limit is 0, we have to use microlocalization. We first explain the idea of the proof. Notice that if there exists some u in W 1 (Ω + ), then it is easy to see that the limit (2.2) is 0 and (2.1) is satisfied since
But that is what we want to prove. Since both Ω + and Ω − = Ω are pseudoconvex with C 2 boundary, the∂-Neumann operators N + and N − for Ω + and Ω − exist from Theorem 1.1. From the point of view of microlocalization of Kohn, the canonical solutions for∂ have only one bad direction in the cotangent sphere. All the other directions are elliptic (hence in W 1 in the good direction). The bad directions for N + and N − are in opposite directions 7 of each other microlocally. Thus even we do not know a priori of the existence of a W 1 solution, we can perform integration by parts by considering it microlocally.
Choose a finite open covering {U α } of the neighborhood of bΩ + and let {ζ α } be a family of partition of unity with each ζ α supported in U α . Notice that the partition of unity will destroy the condition of∂u ∈ W 1 (Ω + ) since∂(ζ α u) = (∂ζ α )u + ζ α∂ u is only in L 2 (Ω + ). But if only the L 2 norm of u and∂u is used, then the partition of unity is harmless and we may assume that u has compact support near the boundary. We first prove a priori estimates assuming u is smooth and compactly supported near the boundary. The real estimates can be obtained by approximation.
Let z 0 be a point in bΩ + and let U be a coordinate patch near z 0 . Let ζ be a cut-off function supported in U ∩ Ω + . We choose tangential pseudodifferential P 0 ∈ P 0 , P + ∈ P + and P − ∈ P − with symbols p 0 , p + and p − respectively such that 1 = p 0 + p + + p − in a neighborhood of the support of ζ as in Kohn (see the bottom in p. 541 in [Ko4] ).
We decompose u = P + u + u g with u g = P 0 u + P − u modulo some element in
(Ω + ) and we have from the trace theorem that
This implies that
On the other hand, since Ω − is also pseudoconvex, the∂-Neumann operator N − exists for (2, 1)-forms from Theorem 1.1 since the boundary is of class C 2 . We set
Notice that the solution is only in W s (Ω − ) for small s ≥ 0. Thus again we cannot perform integration by parts readily. We shall prove a priori estimates first assuming that v ν is smooth.
Since the orientations of bΩ + and bΩ − are opposite, from Lemma 2.0, the solution v ν has one derivative smoother than∂h ν in the directions of P + and P 0 . LetP + be a pseudo-differential operator in P + which dominates P + (for definition, see Definition 2.13 in [Ko4] ). The operatorP + is a pseudodifferential operator of order 0 such that the symbolp + ofP + is equal to one on the support of p + . We have, using the Plancherel's Theoerem,
Using thatP
+ v ν is in W 1 uniformly, we get taking trace again,
The commutator [P + ,∂] is a zeroth order pseudo-differential operator in P + ∩P 0 , which are supported in the good directions of v ν (see the first line in p. 540 in [Ko4] ). This gives that
(2.7)
Thus from (2.6) and (2.7), we have
This proves the a priori estimates for smooth u and smooth v ν . In the estimates, only the L 2 norm of u and∂u and∂v ν =∂h ν are used. Using the Friederichs' lemma, we approximate u by a smooth sequence
. Similarly, we approximate v ν by a smooth sequence
(2.8) we have that
This proves that f satisfies (2.1). Thus, f has a∂-closed extension on the whole CP 2 . The existence of a W 1 solution w satisfying∂w = f now follows from the standard elliptic theory and the fact that H (0,1) (CP 2 ) = 0 (see also Corollary 1.5). Theorem 2.1 is proved.
Remark:
We remark that partition of unity alone is not enough to prove Theorem 2.1, but partition of unity in the symbol level (microlocalization) using Fourier analysis allows us to get around the difficulty. It is not known from our proof of Theorem 2.1 if the canonical solution u =∂N + f is in W 1 . In our application in the next section, we actually need the following stronger version of Theorem 2.1.
Proposition 2.3. Let Ω ⊂⊂ CP
2 be a domain with C 2 Levi-flat boundary. Let t 0 be the order of plurisubharmonicity for Ω. Suppose that f ∈ W 1+s (0,1) (Ω + ) with
The proof of this proposition follows from tracing the proof in Propositions 1.3 and 1.4. From Proposition 2.3, we obtain easily the following W 1+ǫ solution of∂ for some ǫ > 0. In this section we study∂ b -exactness of (0, 1)-form f on a C 2 -smooth Levi-flat hypersurface M ⊂ CP 2 and prove the nonexistence of C 2 Levi-flat hypersurfaces in CP 2 . We start from following jump formula (see also Lemma 9.3.5 in [CS] ). 10
Lemma 3.1. Let M ⊂ CP 2 be a C 2 hypersurface and let
in Ω − and the following decomposition holds:
Proof. We extend f ∈ W 1 2 +ǫ (0,1) (M ) to bef withf ∈ W 1+ǫ (0,1) (CP 2 ). We define a
Then g ∈ W ǫ (0,2) (CP 2 ) and ∂g = 0 in CP 2 trivially, since g is of the top degree. We can solve∂G = g for some G ∈ W 1+ǫ (0,1) (CP 2 ) since the space of harmonic (0, 2)-forms
we see that
We also have
and
The lemma is proved.
Notice that in Lemma 3.1, there is no assumption on the pseudoconvexity of M .
Lemma 3.2. Let M ⊂ CP 2 be a C 2 -smooth Levi-flat hypersurface and and let
For any 0 ≤ s < 
Setting u = u + − u − , we have proved the lemma.
Proof of the theorem. The proof of the theorem is the same as arguments used in [CS] or [CSW] . We include the sketch of the proof below for the benefits of the reader.
We recall the definition of the Chern Connection form for the complex line bundle generated by the complex normal of M .
Let M be a C 2 Levi-flat hypersurface in CP n . Let ρ be the signed distance
Recall that the curvature form √ −1Θ N b asoociated with the complex line bundle generated by ∂ρ is positive definite on each holomorphic leaf of the Levi-flat hypersurface M . Following Siu's [Si1] arguments, it suffices to find a continuous real-valued function h = 2Imu, where u is a continuous function on M such that
Since h is continuous on the compact hypersurface M , it attains a maximum in the interior of some leaf. One obtains a contradiction from (3.2) and the Maximum Principle. This contradiction implies that there exist no C 2 Levi-flat hypersurfaces in CP 2 and our theorem holds. Following the Chern formula, the curvature form associated with the complex line bundleΘ N is a 2-form with C 0 coefficients in U and is d-exact. In fact, we haveΘ N = dβ for some 1-form β on a tubular neighborhood U (M ) of M in CP 2 . SinceΘ N is of class C 0 in U and d-exact, it is easy to see that one can choose aβ which is C 1−ǫ for any ǫ > 0 in U such that dβ =Θ N from interior elliptic regularity. 
for sufficiently small ǫ ′ > 0 12
Proof. Let 0 < ǫ < min{ 
Using the local parametrization (3.3) with V = ∪ |t|<µ Σ t ⊂ M , the equation∂ b is equal to∂ z ′ on each leaf Σ t , which is elliptic. Since β 0,1 b is C 1−γ on M for any γ > 0, from the classic Schauder theorem (cf. [GT] ) for elliptic equations on Σ t , we get that u is C 2−γ -smooth on each leaf for any 0 < γ < 1. Furthermore, we have (see e.g. [ShW] ) that there exists a constant C independent of t such that
where C depends on the neighborhood V of Q, but is independent of t since∂ ′ z is uniformly elliptic on Σ t ⊂ V independent of t.
From the Sobolev trace theorem, the function u ∈ W 1 2 +ǫ (M ) has L 2 -trace on each leaf. Therefore, there exists C 2 > 0 independent of t such that
.
(3.6) Combining (3.5) and (3.6), we get
Thus we have already proved that u is bounded. It remains to prove that u is Hölder continuous in the transversal t direction. We can apply a modified one-dimensional Sobolev embedding theorem. We can prove this by applying a modified one-dimensional Sobolev embedding theorem. This can be done by taking the finite difference of the equation (3.4) with respect to the Besov norms. The proof is exactly the same as before and we refer the reader to the proofs of Lemmas 5.2-5.3 in [CSW] . Finally, we conclude that u ∈ C ǫ ′ (M ) for some sufficiently small ǫ ′ < ǫ.
Remarks and open problems:
The following three conjectures are very much related to the paper. First one would like to extend the results of Ohsawa-Sibony to pseudoconvex domains with Lipschitz boundary in CP n . 13
Conjecture 1. Let Ω be a pseudoconvex domain in CP n with Lipschitz boundary. Then Ω is hyperconvex, i.e., there exists a bounded plurisubharmonic exhaustion function φ : Ω → (−∞, 0] such that for any c < 0, Ω c = {z ∈ Ω | φ(z) < c} ⊂⊂ Ω.
Furthermore, one can choose φ to be Hölder continuous.
In C n or Stein manifold, Diederich-Fornaess showed that the above is true. It has been established by Demailly (see also Kerzman-Rosay [KeR] ) that pseudoconvex domains with Lipschitz boundary in C n are hyperconvex (see also Harrington [Ha] for Hölder continuous exhaustion functions for Lipschitz pseudoconvex domains).
The following W 1 regularity for∂ is interesting in itself.
Conjecture 2. Let Ω be a pseudoconvex domain with C ∞ boundary in CP n , n ≥ 2. For any f ∈ C ∞ (0,1) (Ω) with∂f = 0 in Ω, there exists u ∈ W 1 (Ω) satisfying∂u = f .
When Ω is a bounded pseudoconvex domain in C n (or a Stein manifold), it has been proved in Kohn [Ko1] that there exists a C ∞ (Ω) solution u with∂u = f .
The following Liouville type result stated in Proposition 4.5 in [CSW] remains open. This conjecture implies the nonexistence of Levi-flat hypersurfaces. However, it is a much stronger result than the nonexistence of Levi-flat hypersurfaces, since there are many pseudoconcave domains in CP n . There is still a gap in the the required uniform estimates (4.18) for Proposition 4.5 in [CSW] . To prove the nonexistence of Levi-flat hypersurfaces, one only requires that any∂-closed form on Ω + with W 1 (Ω + ) coefficients extends to be∂-closed in CP n , a weaker version of the conjecture for (0, 1)-forms. An interesting related result has been obtained in a recent paper by Hörmander [Hö2] .
